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ABSTRACT
Aims. Over the past decade, discoveries of multiple and binary asteroid systems have played a significant role in our general under-
standing of small solar system bodies. Direct observations of satellites of asteroids are rare and diﬃcult since they require the use
of already over-subscribed facilities such as adaptive optics (AO) on large 8−10 m class telescopes and the Hubble Space Telescope
(HST). The scarcity of data and the long temporal baseline of observations (up to 10 years) significantly complicate the determination
of the mutual orbits of these systems.
Methods. We implemented a new approach for determining the mutual orbits of directly-imaged multiple asteroids using a genetic-
based algorithm. This approach was applied to several known binary asteroid systems (22 Kalliope, 3749 Balam, and 50 000 Quaoar)
observed with AO systems and HST. This statistical method is fast enough to permit the search for an orbital solution across a large
parameter space and without a priori information about the mutual orbit.
Results. From 10 years of observation, we derived an orbital solution for Linus, companion of (22) Kalliope, with an accuracy
close to the astrometric limit provided by the AO observations, assuming a purely Keplerian orbit. A search for non-Keplerian orbit
confirmed that a J2 ∼ 0 is the best-fitting solution. We show that the precession of the nodes could be detected without ambiguity, im-
plying that Kalliope’s primary may have an inhomogeneous internal structure. HST astrometric observations of Weywot, companion
of the trans-Neptunian object (50 000) Quaoar, were used to derive its mass and its bulk density, which appears to be higher than the
density of other TNOs. Finally, we derived a bundle of orbital solutions for (3749) Balam, with equally good fits, from the limited set
of astrometric positions. They provide a realistic density between 1.3 and 3.7 g/cm3 for this S-type asteroid.
Key words. celestial mechanics – instrumentation: adaptive optics – minor planets, asteroids: general – methods: data analysis –
ephemerides
1. Introduction
More than 200 multiple asteroid systems are known in all pop-
ulations of minor bodies in the solar system. Approximatively
forty of them can be directly imaged using the high angular res-
olution provided by adaptive optics on ground-based telescopes
and the Hubble Space Telescope for binary main-belt or Trojan
asteroids, or using classical imaging for trans-Neptunian objects
(TNOs) with wide separations. Direct imaging allows us to de-
rive the masses of such system, providing a unique opportunity
to extract constraints on the formation processes and evolution
of these small solar system bodies.
The determination of the mutual orbit of a binary asteroid is
complicated by parallax due to the relative motion between the
observer and the target, and by the non-sphericity of the primary
(the larger component of the system). To address these problems
and derive the orbital parameters of the mutual orbits of these
systems, several strategies have been developed since the dis-
covery of the first binary asteroid system, Ida and its companion
Dactyl (Chapman et al. 1995).
If the asteroid’s companion is detected on a short arc of its
orbit, as Ida was detected during a flyby of the Galileo space-
craft, its orbit can be determined by finding a range of stable
orbits which properly fit the arc of the orbit. Additional assump-
tions, such as a range of possible densities for the system and the
absence of non-gravitational perturbations, are also necessary to
derive a range of orbital solutions (Belton et al. 1996).
If a binary system is better constrained through a few astro-
metric positions spanning several revolutions, and sampling the
apparent orbit well, then geometrically fitting orbits can be used
to derive the orbital parameters. In this case, several orbits with
identical likelihoods can be found, and the search ranges for the
orbital parameters are manually set (Noll et al. 2004). We added
non-gravitational eﬀects, such as the precessions of the lines of
nodes due to an irregularly shaped primary, to the geometrical
model developed by Descamps (2005), giving us the possibility
of deriving an estimate of the dynamical J2 of the triple asteroid
system (87) Sylvia (Marchis et al. 2005).
More recently, the number of astrometric positions and pe-
riods of observations of several main-belt binary asteroids have
significantly increased because of the development and availabil-
ity of ground-based adaptive optics observations. It is currently
possible to derive the elements of mutual orbits using a model
which includes complex dynamical eﬀects, such as mutual in-
teractions between moons, and non-Keplerian eﬀects, such as
perturbations by the sun (Marchis et al. 2010). However, these
models are limited to a narrow range of orbital parameters, since
the convergence toward an orbital solution is highly dependent
on the initial set of parameters.
In this work, we develop an innovative algorithm to fit the
orbit of binary asteroid systems. It includes an exploration of a
wide range of orbital parameters without any a priori knowledge
of the satellite orbit, and it implements non-Keplerian eﬀects due
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to the irregular shape of the primary. In Sect. 2 we present the
N-body problem and the two dynamical models that we used.
Section 3 describes the metaheuristic which was developed to
optimize the search for a good solution. Observations of three
binary systems, and their orbital solutions obtained using our al-
gorithm, are described in Sect. 4. Finally we conclude our anal-
ysis in Sect. 5, and we provide a way to access these solutions
through the IMCCE ephemerides web server.
2. The N-body problem
The orbit inversion code used for this work, named Genoid
(GENetic Orbit IDentification), relies on a metaheuristic method
(cf. Sect. 3) and a dynamical model of the solar system. We made
use of two dynamical models: a simple Keplerian model (named
Genoid-Kepler) and a full N-body problem which includes the
gravitational field of the primary asteroid up to 4th order (named
Genoid-ANIS). To minimize the search-time for an orbital solu-
tion, we first used the Keplerian model to explore a wide space
of solutions, even based on a limited number of astrometric posi-
tions. We then ran the full N-body model on a set of parameters
around the Keplerian solution to search for the most accurate
solution when taking into account the full physical behavior of
dynamical systems.
2.1. Kepler
Genoid-Kepler is a purely Keplerian algorithm which provides a
2-Body solution for computing the position of the satellite w.r.t.
the primary. It is very computationally eﬃcient and allows us to
quickly perform statistical analyses. The primary is assumed to
be a point-like mass, and the satellite is assumed to be a massless
test-particle. The center of mass of the system is orbiting around
the sun, taking into account the major perturbations from the
planets in the framework of the post-Newtonian approximation.
The parameters which are determined are the orbital period,
the semi-major axis, the eccentricity, the timing of perihelion,
the inclination, the longitude of the ascending node, and the ar-
gument of periapsis. All the parameters are expressed in an equa-
torial J2000 reference frame (EQJ2000).
2.2. Taylor series of high orders
Genoid-ANIS is based on a numerical integration of the N-body
problem (Le Guyader 1993), considering the diﬀerential equa-
tions of motion expanded in a Taylor series to high orders (up
to 21). This method was previously used to derive an orbital so-
lution for Neptune’s satellite Nereid (Veiga et al. 1999), which
was found to be similar to Jacobson et al. (1991).
We also implemented the possibility of taking into account
perturbations due to the shape of the primary through their
zonal coeﬃcients. In addition to the Keplerian orbital parame-
ters (cf. Sect. 2.1), we therefore fit the zonal harmonic coeﬃ-
cients J2 and J4, the mean radius, and the coordinates of the
pole in an ecliptic J2000 reference frame. In comparison with the
more classical Bulirsh-Stoer and Radau algorithms, this method
combines high precision, when the degrees of the Taylor series
derivatives are large, with fast calculation speeds. Our algorithm
uses a 21st order Taylor expansion, which leads to a numerical
error of 10−3 milli-arcsec (mas) over 20 years of integration time.
3. Metaheuristic
A large number of numerical methods have been developed
to solve the numerical problem by finding the best candidate
solutions. Most of the time, a problem can be solved by dealing
with it as an optimization problem. Metaheuristics, which ap-
peared in the 1980s, are computational methods which optimize
a problem by iteratively improving a candidate solution. They
are capable of solving problems considered to be hard optimiza-
tion problems (Dréo et al. 2006). Moreover, metaheuristics make
few or no assumptions about the problem to be optimized, and
are able to scan a very large volume of the phase-space of can-
didate solutions. Of the many existing metaheuristics, we chose
to use the evolutionary algorithm, also called the genetic algo-
rithm since it is inspired by mechanisms from organic evolution.
The two main mechanisms that govern the evolution of living
beings are:
– Selection the encouragement of reproduction and the sur-
vival of individuals of best performance; and
– Reproduction the opportunity for mixing, recombination,
and changes in the hereditary characteristics passed from
parents, forming new individuals with better potentials.
In the case of our study, orbital parameters are the equivalent of
chromosomes, the complete set of which compose an individ-
ual: the orbit. For each individual, we can compute a function of
performance which will be used to compare it to others.
3.1. fitness function
To transform a diﬀerential equation resolution problem into an
optimization problem, we first defined a fitness function, fp,
as the quadratic mean of observed minus computed positions,
such that:
fp =
n∑
i=1
√
1
2n
((
xobsi − x
cal
i
)2
+
(
yobsi − y
cal
i
)2) (1)
where n is the number of observations, and xi and yi are the ob-
served and computed diﬀerential positions between the satellite
and its primary. With this definition, our problem becomes one
of minimizing fp. The main advantage of this fitness function is
that it provides a link between the quality of the fitted orbit and
the uncertainties of the astrometric positions provided by the ob-
servations. fp is expressed in milli-arc seconds.
3.2. Algorithm
The following enumeration provides a step-by-step description
of the Genoid algorithm (Fig. 1).
1. Initialization: first, we consider a population composed
of Npop individuals in the space of parameters to be explored.
These parameters are randomly chosen and follow the uni-
form distribution.
2. Fitness function (population): for each newly created indi-
vidual, we compute the fitness function, fp, to be able to
compare orbit candidates.
3. Selection: we select the Npar individuals which have the
best fp. They will be the parents for the reproduction process.
4. Reproduction and Mutation: the reproduction is a crossover
process which consists to combine two individuals, the par-
ents, to form two new individuals, the childrens, by com-
bining the orbital parameters of the two parents. For this
step, it is necessary to include random changes in the or-
bital parameters to provoke mutation. The process generates
also Nmut childrens with orbital parameters radically diﬀer-
ent from those of the parents.
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Fig. 1. Schematic workflow of the Genoid algorithm.
One common drawback of many fitting algorithms is that
they often converge towards local minima of the fitting pa-
rameters, rather than global ones. The mutation process is
used to avoid this issue, and to prevent the reproduction pro-
cess to create a degenerated population. It allows the algo-
rithm to escape local minima and to find other paths of con-
vergence towards a better solution, with respect to the fitness
function.
5. Fitness function (childrens): for each children orbit, we com-
pute the fitness function.
6. End of the loop: we use three criteria to exit the program:
(a) the best individual has a fitness function lower than the
chosen limit, which corresponds to the level of mean
uncertainty of the observations (user defined parameter,
e.g. 10 mas);
(b) the population degenerated. It happens when the fit-
ness function of the best and worst candidate is lower
than 10−2. In that case, based on the genetic principles,
the population and their descendants will be almost iden-
tical, consequently the function of performance will not
improve anymore;
(c) the maximum number of generations has reached its
maximum value (user defined parameter, between 500
and 1000 generations).
7. Resizing search space: to speed up the convergence, we
coined a new biological mechanism that we call cataclysmic
extermination. After x generations (x ∼ 30), all individu-
als of all generations are exterminated and a new space of
solutions is calculated by removing parts of the space with
no previous individuals. Then we restart the process by gen-
erating a new population of individuals with a simple uni-
form law in this new restrained space. This mechanism im-
proves the convergence of the algorithm by minimizing the
volume of the phase-space, and it avoids the degeneration of
the population which may carry the solution towards a local
minimum.
The numbers Npop, Npar and Nmut were chosen from several tests
to take full advantage of the eﬃciency of the genetic-based al-
gorithm. In such a method, the cycle of generations, which al-
lows the convergence toward a solution, is more important than
the number of individuals which compose the population. In our
case, we found that Npop ∼ 60, Npar ∼ 40, Nenf ∼ 20, and
Nmut ∼ 2 provided fast convergence toward an optimal solution.
For test purposes, after multiplying each parameter by a factor
of 10, we obtained a very similar solutions with identical fp val-
ues, at significantly higher computational costs.
4. Observations and solutions
To validate our algorithm, we derived the orbital elements of
three well-known binary asteroid systems. To show the ability
of our genetic algorithm to be used on a wide variety of data, we
collected astrometric positions of binary systems (i.e. relative
positions of the moon w.r.t. the primary) from diﬀerent sources
of observations (HST, AOs), time spans covered by observations,
and types of populations of small solar system bodies.
All the collected astrometric positions were obtained with
very similar telescopes/instruments (with the same plate scale)
and under similar observing conditions (providing a similar an-
gular resolution). The average uncertainty on the measured as-
trometric positions is estimated to ∼10 mas. The uncertainties
of the astrometric positions are not used to compute the fitness
function. Taking into account a standard deviation up to 3-sigma
for each parameter of the problem, the solution is composed by
all the individuals for which the fitness function is lower than
30 mas. The error of each parameter is estimated by determining
the minimum and maximum values of the parameter for this re-
gion of individuals. The error is most likely over-estimated using
this method since it is assumed that each individual are equal in
quality with respect to the astrometric position error.
In the figures for which we show the convergence of the or-
bital parameters, we adopted a color pattern such as the red indi-
viduals are characterized by fp larger than 100 mas (poor solu-
tion), the blue color shows individuals for which fp ≤ 100 mas
(mediocre solution), and the green color enlightens the individ-
uals which are close to a satisfactory solution ( fp ≤ 20 mas).
4.1. A well-constrained dynamical model of (22) Kalliope
and its satellite Linus
The minor planet (22) Kalliope and its satellite Linus is one of
the binary asteroids which has been most observed by adaptive
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Fig. 2. Convergence of orbital parameters for
Linus, moon of (22) Kalliope, derived from
our genetic algorithm using a Keplerian model
Genoid-Kepler. One solution with an orbital
period of 3.595712 days is evident. The other
orbital elements and their 3-sigma errors are
listed in Table 1. The 3-sigma error bar cor-
responds to the mean precision of astrometry
provided by the adaptive optic observations.
optic and comparative photometry technics. Since its discovery
in 2001, it has been the topic of a large number of studies to
determine its mutual orbit, and the size and shape of the pri-
mary and the satellite (Descamps et al. 2008; Laver et al. 2009).
These studies were possible because of the relatively small dif-
ference in brightness between the large primary and its satellite,
allowing observations of the satellite even with a 3 m-class tele-
scope equipped with AO. (22) Kalliope is a main-belt asteroid
with an equivalent diameter of 166.2 ± 2.8 km, estimated by
combining mutual eclipses, adaptive optics and stellar occulta-
tion observations (Descamps et al. 2008), and confirmed in 2011
by the NEOWISE thermal observations (167± 15.3 km, Masiero
et al. 2011). The satellite diameter is estimated to be 28± 2 km,
derived from analyses of the mutual events and the 2006 stellar
occultation (Descamps et al. 2008).
We focused our study on 52 observations collected with
the VLT, Keck, and Gemini North 8−10 m class telescopes,
with the Shane-3m Lick telescope (Marchis et al. 2003) and
Palomar 5m-telescope (Margot & Brown 2003, both equipped
with AO systems. Recent observations collected with W.M.
Keck II and Gemini-North telescopes in 2010 were added to this
set of astrometric positions. During the time span of observa-
tions (2001−2010), the projected angular separation between the
satellite and its primary varied from 239 mas to 887 mas.
The Genoid-Kepler model (Sect. 2.1) was used to derive an
optimized mutual orbit, of which the satellite circulates with a
period of 3.595712 ± 7 × 10−5 days, at 1081.5 ± 33.5 km from
the primary. The astrometric positions used to fit the model are
well spread over the 10-year period of observations (∼900 or-
bital periods), so we are confident that the dynamical problem
of (22) Kalliope system is extremely well-constrained. Figure 2
shows the range of each orbital parameter which was explored
by Genoid-Kepler. The best Keplerian solution is obvious with
a very low fp = 15.06 mas, so the final solution is unambiguous
in that case. Consequently, the high accuracy of the orbital ele-
ments makes it possible to compute the position of Linus over
the next 10 years with an accuracy better than 15 mas.
Among all the observations used to fit the orbit of Linus,
we included the astrometric position of Linus obtained from
the 2006 stellar occultation (Descamps et al. 2008). Our or-
bit of Linus adjusts this position with observed minus com-
puted (O−C) values of the diﬀerential position of 7 ± 1 mas
and 3 ± 1 mas in RA and Dec, respectively. This corresponds
to an oﬀset between the predicted and observed positions of
Linus of dx = 9 ± 1 km and dy = 4 ± 1 km in the plane
of occultation (Fig. 4). In comparison, Descamps et al. (2008),
found dx = 10 ± 10 km (8 ± 8 mas) and dy = 57 ± 10 km
(44 ± 8 mas), demonstrating the great improvement of our new
orbital solution.
We also applied the Genoid-ANIS model (Sect. 2.2) to study
the influence of the irregular shape of the primary with a theoret-
ical J2 of 0.19, assuming a uniform mass distribution (Descamps
et al. 2008). No precession eﬀects of the apsidal and nodal nodes
have been detected, and the final orbit is not better than the
purely Keplerian solution. To validate this result, we also ran
a series of best-candidate searches freeing the J2 parameter in
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Table 1. Physical and dynamical parameters derived with Genoid with the keplerian model (EQJ2000).
Moon name Weywot Linus Balam-I
Orbital elements
a 14467 km ± 445 km 1081.5 ± 33.5 km 203.4 km
P 12.047 day ± 5.E-03 day 3.595712 ± 6.8E-05 day 81.42 day
e 0.148 ± 0.058 6.883E-003 ± 0.03124 0.573
tpp 2 453 999.81 day ± 0.39 jd 2 452 215.141 ± 0.067 jd 2 453 973.3 jd
i −35.16◦ ± 4.73◦ 94.18 ± 1.92◦ 19.4◦
ω 174.92◦ ± 7.38◦ 285.05 ± 2.11◦ 282.6◦
ωp 200.27◦ ± 11.65◦ 150.32 ± 7.25◦ 232.7◦
System (50 000) Quaoar (22) Kalliope (3749) Balam
Mass 1.65E+21 ± 0.16E+21 kg 7.75E+18 ± 0.7E+18 kg 1.01E+14 kg
Density 1.58 ± 1.25 g cm3 3.24 ± 0.48 g cm3 1.9 g cm3
Orbital Pole (ECJ2000)
λ −104 ± 7◦ −164 ± 2◦ 136◦
β 78 ± 7◦ 2 ± 2◦ 63◦
Inclination of the Orbital Pole with respect to the Primary Pole:
∆i – 5◦ –
Residual axis X:
mean 0 mas −4 mas 1 mas
std dev 16 mas 14 mas 13 mas
Residual axis Y :
mean 0 mas −2 mas 0 mas
std dev 18 mas 16 mas 13 mas
Notes. Errors are given in 3-σ for (22) Kalliope and (50 000) Quaoar. The best fitting solution for (3749) Balam is given without error estimate
since several solutions with an equivalent fp were found (see Table 2).
Fig. 3. Search for the best J2 for the binary asteroid system (22)
Kalliope with Genoid-ANIS. The best candidate solution is obtained for
J2 ∼ 0.
the interval from 0.0 to 0.26 (Fig. 3). We found a best solu-
tion for J2 ∼ 0.0022, so a solution very close to the Keplerian
orbit. There are, however, several solutions with fp < 18 mas
and J2 < 0.15 which are least-likely candidate solutions, but
which could be close to the real orbit considering the uncertainty
of the astrometric positions. As visually shown in Fig. 5, these
solutions are very similar in shape and clustered inside a torus of
solutions which also contains the Keplerian orbit.
Selecting three orbits with diﬀerent values of J2, Fig. 6
shows that precession eﬀects will modify the projected
appearance of the orbits, with angular separations diﬀering by
∼30 mas at most, 3 to 4 times more than the 1-sigma accuracy
of the astrometric positions. Over the next ten years, additional
high resolution observations of the (22) Kalliope system could
help to constrain the oblateness of the primary, and thus its inte-
rior structure.
If Kalliope’s primary is diﬀerentiated as suggested by this
low J2, it should have a dense core surrounded by a less dense
material. Partial diﬀerentiation is suggested for (21) Lutetia
(Weiss et al. 2012), a 100-km main-belt asteroid with the same
density than (22) Kalliope, which could have been aﬀected by
large-scale melting, leading to a metallic core formation.
4.2. The TNO binary system (50 000) Quaoar
and its satellite Weywot
Weywot, the satellite of (50 000) Quaoar, was discovered in 2007
from observations with the Hubble Space Telescope (HST).
Reanalyzing 2006 HST observations and adding data taken
in 2008, Fraser & Brown (2010) we derived one best-fitting
elliptical orbit.
The five astrometric positions published in Fraser & Brown
(2010) were used as inputs into the Genoid-Kepler algorithm to
estimate the mutual orbit of Weywot. The best-fitted orbital so-
lution, with an excellent fp of 15.4 mas (see Table 1), is slightly
diﬀerent than the one published by our colleagues, with a period
shorter by half of a day (P = 12.057 ± 0.005) and a semi-major
axis of 14 470 ± 445 km, considering a 3-sigma error. This orbit
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Fig. 4. Predicted position of Linus (upper right
blue cross) compared with the adjusted chords
of Linus stellar occultation, see Descamps et al.
(2008): ∆x = 9 km = −7 mas, ∆y = 3.6 km =
3 mas.
leads to a mass of 1.65 ± 0.16 × 1021 kg. Fraser & Brown
(2010) reported the absence of any detection of the satellite
on 2 dates (Julian dates: 2 454 550.31485 and 2 454 556.44075).
Based on our orbital model, we calculated the apparent posi-
tions of Weywot at the time of these observations, and found
that the satellite was at 0.1914 arcsec (X = −0.1231 arcsec and
Y = −0.1466 arcsec) and 0.2078 arcsec (X = −0.1531 arcsec
and 0.1405 arcsec) from the primary, inside the core-region for
which the satellite would not have been detected based on Fraser
& Brown (2010).
Quaoar’s primary size has been estimated to be D = 1260 ±
190 km (Brown & Trujillo 2004), and by mid-infrared obser-
vation of its thermal emission to be D = 890 ± 70 km by
combining Stansberry et al. (2008) and corrected HST estimates
(Fraser & Brown 2010). Based on these measurements and our
orbital solution, we derive average densities of 1.6 ± 1.3 g/cm3
and 4.5 ± 1.8 g/cm3 respectively.
More recently, a stellar occultation involving (50 000)
Quaoar was successfully observed by Braga-Ribas et al. (2011)
on May 04, 2011. The observation gives 5 positive chords, the
longest of which suggests that Quaoar’s primary is elongated
with a diameter at least of 1170 km, corresponding to an average
density of 2 g/cm3 using our orbital model.
The density of (50 000) Quaoar is higher than for other multi-
ple TNOs, implying that it has a significant rocky portion (larger
than 70%) in its interior, most likely indicating a diﬀerent origin
and evolution.
4.3. Orbital solutions for (3749) Balam outermost companion
(3749) Balam is a complex multiple asteroid system with a com-
plex history. Its first satellite was discovered in 2002 using an
AO system mounted on the Gemini North telescope. Marchis
et al. (2008a) attempted to derive the orbital parameters of this
2-km satellite diameter and found a solution with the satellite
describing a highly eccentric orbit (e ∼ 0.9 and a ∼ 290 km)
around the primary in 60−70 days. More recently, a careful pho-
tometric analysis of the lightcurves of Balam suggested that
the primary of the system is in fact composed of two compo-
nents with 6 and 2 km diameters orbiting at 20 km (Marchis
et al. 2008b). We know that Marchis et al. (2008a) solution
is flawed since they attempted to fit the position of the satel-
lite when it was closer to its primary, confusing the outer and
the inner moon position (the inner moon was unknown at the
time of this analysis). Additionally, recently published observa-
tions of the triple system in the mid-infrared with Spitzer/IRS
by Enriquez et al. (2010) were used to derive the equivalent size
Deq = 4.68 ± 0.54 km, leading to an unrealistic average density
of 8 g/cm3 based on the orbital solution of Marchis et al. (2008a).
Vokrouhlický (2009) showed that Balam is a very young system
with an age estimated to less than a million years old. This makes
this asteroid an interesting body for understanding the evolution
of small solar bodies, and for extending the study of the history
of our solar system.
Our collected data for (3749) Balam are diﬀerent from the
previously studied systems shown in Sects. 4.1 and 4.2, since in
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Fig. 5. Nine orbital solutions of the binary asteroid system (22) Kalliope
are displayed in the equatorial J2000 reference plane. They represent the
solutions for which fp < 18 mas (see Fig. 3) and the Keplerian solution.
This 3D-representation of the orbits spanned over 10 years shows that
they are very close in shape due to the low eccentricity and inclination
of the orbits.
Fig. 6. Display of the projected orbits in the tangential plane derived
from three orbital solutions as seen from Earth after 10 years of evolu-
tion, starting from the initial conditions with J2 = 0.0022, 0.1522, and
0.1891 (with fp = 13.9, 15.5, 19.2 mas, respectively). The red orbit cor-
responds to the best candidate from Genoid-ANIS with J2 ∼ 0.0022,
so very close to the Keplerian solution. The blue orbit corresponds to
the best solution with J2 ∼ 0.19 assuming a homogenous distribution
of material in Kalliope’s primary and using the 3D-shape model by
Descamps et al. (2008). The green orbit is an intermediate case with
J2 = 0.15.
this case we have significantly fewer observations, distributed
over 17 months and corresponding to 4−13 periods of revo-
lution. We used the astrometric positions from Marchis et al.
(2008a), after having removed the astrometric positions which
may be related to a marginal detection of the inner satellite.
Using Genoid-Kepler we derived a bundle of 10 solutions with
Fig. 7. Illustration of the convergence of the period obtained with a
purely Keplerian model for Weywot, the moon of (50 000) Quaoar. All
orbital elements necessary to reconstruct this orbit are listed in Table 1.
fp < 14 mas (Fig. 8), implying that we don’t have enough astro-
metric positions to derive a unique and accurate orbital solution.
The complete set of orbital parameters for the best-fitted solution
( fp = 12.36 mas) derived from Genoid is listed in Table 1.
Some of the orbital parameters of the 10 solutions for the
outer satellite of Balam are listed in Table 2. From the periods
and semi-major axes of the mutual orbits, we derived the corre-
sponding masses and used the radiometric diameter derived by
Enriquez et al. (2010) to calculate average densities which vary
from 1.3 to 3.7 g/cm3. In contrast with Marchis et al. (2008a),
these orbits give a realistic density for the (3749) Balam system,
since this asteroid is classified as an S-type asteroid (Marchis
et al. 2011).
Based on the derived orbital solutions, we show in Fig. 8 the
projected shape of the satellite of (3749) Balam at the time of its
next opposition at the end of February 2012. All orbits are sig-
nificantly diﬀerent from the others, so additional observations,
if properly scheduled, should allow us to refine this analysis and
derive a unique orbital solution for the outermost moon of (3749)
Balam.
5. Conclusion
Over the last ten years, our team has observed multiple asteroid
systems and derived their physical properties from the analy-
sis of their mutual orbits. We have used several diﬀerent algo-
rithms to estimate the orbital elements of the asteroid satellites,
including geometrical (Descamps 2005), statistical (Hestroﬀer
et al. 2005), and dynamical (Marchis et al. 2010) methods. Other
groups have used similar types of algorithms to derive the orbits
of a moon around the dwarf planet Pluto (Stern et al. 2006),
Binary TNOs (Grundy et al. 2011), and Triple NEAs (Fang
et al. 2011). For these works, assumptions have been made in
the searched range of solutions linked to the physical properties
(such as the mass, period, and eccentricity of the orbits). Our
Genoid method has provided accurate orbit estimates capable
of confirming the uniqueness of such solutions by exploring a
large space of orbital parameters. In the last decade, metaheuris-
tics, and more specifically the genetic algorithms, have become
popular in many domains of astronomy and astrophysics. To our
knowledge, this work is the first use of such an algorithm to de-
rive the mutual orbits of asteroid satellites. This algorithm will
allow us to regularly derive the orbital parameters of multiple
asteroid systems as new data become available.
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Fig. 8. Period convergence obtained with
our genetic-based algorithm with a purely
Keplerian model for the outer-moon of (3749)
Balam. Ten solutions with fp < 14 mas
were identified, corresponding to various orbits
drawn on January 2012 at the next Balam op-
position. Additional data will help refining the
orbit of this interesting triple asteroid system.
Table 2. Orbital parameters of 10 solutions derived by Genoid with the keplerian model for the outer moon of (3749) Balam with a similar fp.
fp Semi-major axis Period Eccentricity Mass Density
(mas) (km) (days) (1014 kg) (g/cm3)
Sol 1 12.66 194.74 54.41 0.768 1.98 3.7
Sol 2 13.80 189.10 61.39 0.670 1.42 2.6
Sol 3 12.65 196.18 69.45 0.596 1.24 2.3
Sol 4 12.36 203.42 81.43 0.573 1.01 1.9
Sol 5 12.58 237.71 91.36 0.349 1.28 2.4
Sol 6 12.94 219.23 97.42 0.543 0.88 1.6
Sol 7 12.48 260.06 109.54 0.365 1.16 2.2
Sol 8 13.28 256.28 122.51 0.512 0.89 1.7
Sol 9 13.17 297.73 136.68 0.386 1.12 2.1
Sol 10 13.88 285.74 162.46 0.625 0.70 1.3
Notes. The best fitted solution for (3749) Balam is given in Table 1. The density is derived by using the radiometric size Deq = 4.68 ± 0.54 km
derived from Spitzer/IRS observations.
Our genetic algorithm, utilizing both a purely Keplerian and
a more complex dynamical model, permitted the quick explo-
ration of a broad space of orbital solutions for the satellites
of (22) Kalliope, (3749) Balam and (50 000) Quaoar. Our tool
can be used with high angular resolution data, as collected with
adaptive optics for (22) Kalliope and (3749) Balam and HST
for (50 000) Quaoar. We validated the Keplerian algorithm by
comparison with already published works in the case of (22)
Kalliope and (50 000) Quaoar. Despite the limited amount of
data for (3749) Balam, our algorithm provided a bundle of pos-
sible orbital solutions which could be used to schedule future
observations with high angular resolution telescopes to pinpoint
a unique solution. We should be able to derive the best candi-
date orbit for (3749) Balam from a few additional observations
during the upcoming oppositions.
The case of (22) Kalliope is particularly interesting. As
shown using both Genoid algorithms, a purely Keplerian model
can fit 10 years of observations collected with AO systems very
well. However, there are still marginal solutions, assuming an
elongated primary, that can be delivered by a more complex dy-
namical model. In the near future, additional observations will
help to constrain the J2 and J4, and therefore the oblateness of
the primary and the distribution of material in its interior. Our
current analysis implies that the J2 of Kalliope primary is smaller
than the expected value, assuming a homogenous distribution of
mass, implying that the 166-km asteroid could be diﬀerentiated.
The binary asteroid systems for which Genoid was used to
determine orbital parameters are now available on the Ephemeris
IMCCE Web server (http://www.imcce.fr). The predicted
positions of their moons and a display of the systems at any time
can be generated using this server. This tool could be useful to
predict or verify the position of the satellites at the time of stel-
lar occultations (Berthier et al. 2004) or if a mutual occultation
event is detectable in lightcurves. These observations are partic-
ularly encouraged since they could yield more accurate informa-
tion about the system, such as the size and shape of the satellite.
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